We consider the dynamics in the quantum XY model with boundary dissipation. This model after fermionization gives the topological p-wave superconducting model with two localized edge modes at the two ends separated from the bulk spectra by a finite energy gap. The dissipation can induce coupling between the ground states manifold and all the excited bands, which induces thermalization in a characteristic time T * . In the long time limit, the density matrix will approaches the maximal mixed state in each even and odd parity subspaces, with thermalization determined by the single particle dynamics. We find that the thermalization time T * ∝ N 3 /γ in the weak dissipation limit, where N is the chain length and γ is the dissipation rate; while in the strong dissipation limit, T * ∝ γN 3 . These analytical results are counterintuitive because it means weak dissipation can induce strong thermalization, while strong dissipation can induce weak thermalization. We find that these two limits correspond to two different physics, which are explained by mapping the single fermion dynamics to a non-Hermitian model. Even in the long chain limit, the dissipation will exhibit strong odd-even effect from the oscillation of wave function at the two ends. These results shade new insight into the dynamics of topological qubits and their stabilities in environment.
While the dynamics of qubits in environment has been well studied [1, 2] , the same issue in the many-body systems is still one major challenge in theories [3] [4] [5] [6] [7] [8] [9] [10] [11] due to more expensive computation cost [12] . However, this is an important question at least from two diverse aspects. The many-body systems may possess some features that are totally different from the single particle systems, such as ergodicity and thermalization [13, 14] , which are fundamental concepts in statistics. In the trapped ions, it may exhibit different dynamics depending strongly on the initial states, which are explained based on quantum many-body scar [15] [16] [17] . Moreover, it is also an important issue in topological quantum computation [18] [19] [20] , in which the two ground states are separated from the excited bands by a finite energy gap. Thus if the temperature is much lower than the excitation gap, the occupation of the excited states are exponentially small. This picture is not necessarily true since any weak dissipation can induce coupling between ground states and excited states. This is a pressing issue in regarding of the possible signatures of Majorana zero modes (MZMs) realized in experiments [21] [22] [23] [24] [25] [26] [27] [28] [29] ; see reviews in [30, 31] .
In this work, we consider the dynamics in the quantum XY spin model with boundary dissipation. This spin model after fermionization can be mapped to the topological p-wave superconducting model [32] , thus the two ground states are protected by a finite energy gap. (I) We find that while dissipation plays weak role in direct coupling between the two edge modes, it induces direct coupling between the ground states and all the excited states, leading to thermalization characterized by a typical time scale T * . (II) We find that in the long time limit, the many-body thermalization is dominated by the single fermion thermalization process. In the weak dissipation limit, T * ∝ N 3 /γ, where N is the total chain length and γ is the boundary dissipation rate. However, in the strong dissipation limit, T * ∝ γN 3 . These results are counterintuitive because it means that weak dissipation can induce fast thermalization, while strong dissipation can induce weak thermalization. We under- stand these results by mapping the single particle dynamics to a non-Hermitian model. (III) This dynamics exhibits strong odd-even effect in the weak dissipation limit, which reduces to a unified form in the strong dissipation limit. This effect arises from the overlap between the edge modes and the extended modes. These results shade new insight into the dissipation of the topological qubits immersed in environment.
Model and Master Equation.
We consider a quantum XY model with boundary dissipation, which can be written as
Here
) [33] [34] [35] [36] [37] , and the dissipation is described by the Lindblad operator [38, 39] 
. Let us choose g 1 , g 2 > 0 and define λ = g 2 /g 1 . We consider this dissipation for its role directly to the edge modes as well as its exact solvability in some limiting cases. This model is fermionized using Majorana operators as α 2j−1 = (
In this new basis the Lindblad operator is still localized:
This dynamics respects the parity symmetry [L, P ] = 0
j α j . In the long time limit, where c = Ψ 0 |P |Ψ 0 is determined by the initial state. This Hamiltonian supports two ferromagnetic phases polarized along either x (λ < 1) or y (λ > 1) directions (see Fig. 1 (b) ), which correspond to the topological p-wave superconducting phases with opposite winding numbers after fermionization. The typical energy levels in the ferromagnetic phase are presented in Fig. 1 (a) , in which the lowest two degenerate levels are separated from the bulk bands by a finite gap ε g . These two states may be written as |+ ⊗N and |− ⊗N in the small λ limit. The spectra between the XY model and p-wave superconducting model are related by E = i n i i , where n i = 0, 1. In the fermion representation the energy levels are presented in Fig. 1 (c) , with two localized MZMs at the open ends. This model can be regarded as two separate Majorana chains, that is, A(α 1 , α 4 , α 5 , · · · ) and B(α 2 , α 3 , α 6 , · · · ), as shown in Fig. 1 (d) . We can bring Eq. 2 to a form of paired Majorana fermions [32, 43] 
where
Here α L and α R are edge zero modes at the left and right edges, which may be written as
. We see that in an odd chain, the two edge modes reside on different subchains, which are fully decoupled; while for an even chain, they reside on the same chain and couple though the bulk in an exponential decaying way e −N/ξ , where ξ ∝ 1/| ln g 1 − ln g 2 | is the correlation length [32] . This odd-even effect is a typical feature of coupling between two distant MZMs, and the similar feature in two vortices can also be found [44] . In free space, it is changed to oscillation of coupling as a function of separation.
Evolution of the ground states. Let us first study the dynamics in a short chain investigated using exact nu-merical method. In the fermion representation, we choose
in the ground states manifold (hence c = 0 in Eq. 3), which has feature that α L |Ψ 0 = |Ψ 0 and α L (α R |Ψ 0 ) = −α R |Ψ 0 , thus |Ψ 0 and α R |Ψ 0 give the two edge modes. The numerical results for these two different models are presented in Figs. 2 and 3 , respectively. In the weak dissipation limit when γ g 1 , g 2 , the density matrix will exponentially approach the maximal mixed stateρ = I/2 N in an odd chain (see Eq. 3). However, in an even chain, it will decay toρ with some oscillation with period determined by T = 2π/δE c , where δE c is the coupling between the two edge modes (see Eq. 4). This result indicates two thermalization channels in this model, that is, through the direct coupling between the edge modes and the coupling between the ground states manifold and excited bands. The latter channel is dominated when N ξ. The dynamics will become totally different in the strong dissipation limits (see (c) and (d) in Fig. 2 and Fig. 3) , in which even when these two edge modes are decoupled exactly, oscillation of Tr(ρ|i i|) and Tr(ρα L/R ) can still be found. Now the dynamics is more complicated with some nonlinear oscillation. However, the final density matrix is still determined byρ. Strikingly, although the dissipation rate is increased by 400 times, much longer time for thermalization is required. In the short time dynamics, we find the XY model thermalizes much faster than the edge modes in Fig. 3 (c) and (d), due to reason that in the XY model, its ground states contain not only the edge modes, but also all the bulk modes (see Fig. 1 (a) and (c) ).
It is necessary to point out that the dynamics restricted to the lowest two levels can not give rise to these dynamics. To this end, let us restrict the dynamics in these two levels. We can define |1 = |Ψ 0 and |2 = α R |Ψ 0 , which satisfy i|σ
where η = 1|σ
z N |2 for i = i , and η will decreases to zero exponentially with increasing of chain length. The evolution from this equation is shown in the inset of Fig. 2 (c) , which decays exponentially to zero in a very short time. Thus although the lowest two states are separated from the bulk by a finite gap, the many-body dynamics need to take all excited states into account.
Dynamics of single fermion in the long time limit. To gain insight into the long time dynamics of ρ, we can write this matrix in term of Majorana fermions as
where a j = 0, 1. In this density matrix, only the first term with all a j = 0 and the last term with all a j = 1 is unchanged, which gives Eq. 3; while all the other terms will decay to zero in some way. In Fig. 4 (a) , we plot the eigenvalues of the superoperator L of the XY model, which have two zero eigenvalues, corresponding to parity symmetry. The different eigenvalues give different thermalization processes, thus the whole dynamics can not be described by a single exponential decaying function.
We can calculate the dynamics of single fermion by exploring the dynamics of tr(ρα n ) via:
In the matrix form, we have [45] 
Here Ψ = (Ψ 1 , Ψ 4 , Ψ 5 , · · · ) T and Ψ i = tr(ρα i ), with α i in chain A. H 0 is an antisymmetric matrix from the Hamiltonian of chain A, which is H A = −2i j (g 2 α 4j−3 α 4j − g 1 α 4j α 4j+1 ) and the dissipation matrix is given by Γ = diag(−γ, 0, · · · , 0, −γ). In Fig. 4 (b) we plot the eigenvalues of the above non-Hermitian Hamiltonian, in which we find Re(λ 2σ ) from superoperator L and corresponding eigenvalue from Eq. 7 are consistent. These results indicate that while in the short time limit, the many-body thermalization is related to the many-body physics, in the long time limit, it is determined by the thermalization of the single particle modes.
Thermalization in the long chain limit. Two more issues need to be explained. (i) Why Re (λ 2σ ) with σ = 0, 1 exhibit an inflexion point at finite γ; and (ii) What will happen in the long chain limit? We consider the localized edge modes in chain A, while its treatment in chain B is similar. The eigenvalues in this tridiagonal bordered matrix are determined by [46] [47] [48] 
when N = 2m + 1 is odd; and
when N = 2m is even. In the above equations, is the eigenvalue and its relation to θ is determined by
When γ = 0, we have n = ± g 2 1 + g 2 2 + 2g 1 g 2 cos θ n and θ n = nπ/(m + 1) for n = 0, · · · , N − 1. Thus the energy gap in Fig. 1 is given by ε 
The key observation is that in the long chain limit, the eigenvalues and the phase can be written as
where n m and n,i , z n,r , z n,i are small numbers in the sense that lim m→∞ mz n,i/r = 0 [49]. These solutions can be obtained by linearizing the above nonlinear equations.
(a) In the weak dissipation limit (γ g 1 , g 2 ) and in odd (o) and even (e) chains, we have
The expressions for z n,r/i can be found in Ref.
[49]. The imaginary part of the eigenvalue is responsible for the thermalization, by which we can define a characteristic thermalization time T * as,
When γ = 0, T * is infinity, indicating of coherent dynamics from beginning to end. Since n,i ∝ γ, it means that in the weak dissipation limit, thermalization is still important and can still happen in a finite system. Moreover, we find that the odd-even effect is still visible in the long chain limit.
(b) In the strong dissipation limit, the odd-even effect will vanish, and we find
The expressions for z n,r/i can be found in Ref. [49] . We are surprised to find that in the strong dissipation limit, the thermalization time T * ∝ γN 3 , thus it will be prolonged by the dissipation. The crossover between these two cases are determined by n,i = i n,i with i =e, o, which yields γ = g 1 for even; while γ = √ 2g 1 g 2 / g 2 1 + g 2 2 for odd. These inflexion points are also numerical verified, which are presented in Fig. 5 (b) ; see also Fig. 4 (b) . No sudden changes of this inflexion point will happen even at the phase boundary λ = 1. The above solutions are also approximately correct even in the short chain in regarding of the fast decaying of imaginary part according to n,i ∝ 1/N 3 . With this expression, we find T * = 54 in Fig. 2 (a) and T * = 80 in Fig. 2 (c) , which are qualitatively consistent with our observation. A general picture for these results. The above results are quite surprising. Let us try to understand these results using a simple picture based on perturbation theory. We come back to the non-Hermitian Schödinger equation in (7) , in which Ψ can be regarded as the wave function of a non-interacting tight-binding model with boundary dissipation. We can discuss the physics in two different limits in correspondence of the above two cases (a) and (b). When γ → 0, we may treat the non-Hermitian term as perturbation, and to the leading term, we find n,i ∝ ψ n |iΓ|ψ n ∝ γn 2 π 2 /N 3 , since the wave function density at the two end scales as ρ ∼ 2n 2 π 2 /N 3 . This feature can be understood at the special point g 1 = g 2 with corresponding wave function |ψ n = 2/(N + 1) sin nπx N +1 . In the strong dissipation limit, we need to treat H 0 as perturbation. We need a second order perturbation theory by which we find n,i ∝ n 2 π 2 /γN 3 . These results are consistent with the observation in Fig. 5 (c) and (d) . Noticed that different energy levels, labeled by n, may have different thermalization time, and the state with n = 1 has the longest thermalization time, which may not be reached in Fig. 5 (c) , thus in numerical simulation, we find ln T * = α ln N , with a prefactor α ∼ 2.3 in this particular case. The same picture is applicable even when several sites are dissipated near the boundaries. This result may have generality in the dynamics of many-body systems. In the weak dissipation limit, the first order contribution is dominated; while in the strong dissipation limit, the complex eigenvalues are weakly coupled to the real eigenvalues from second-order perturbation, thus its effect can be suppressed. Moreover the scaling of T * ∝ N 3 comes from the overlap between the localized states and extended states, but not from the overlap between the two edge modes.
Conclusion. Dissipation in the many-body system is a fundamental problem that up to date has not yet been well understood. We explore the dissipation induced thermalization in a quantum XY model with boundary dissipation, in which the thermalization is characterized by a characteristic thermalization time T * . We find that while any weak dissipation can induce thermalization with T * ∝ 1/γ, in the strong dissipation limit this process can be suppressed since T * ∝ γ. These counterintuitive results are explained by mapping the dynamics of single fermion density matrix to a non-Hermitian Hamiltonian. These results are useful for us to understand the dissipation dynamics of the topological qubits in coupling to the environment.
